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Abstract

In previous work, Levesque proposed an
evaluation-based reasoning procedure for so-
called proper KBs, equivalent to a possibly in-
complete possibly in�nite set of function-free
ground literals. The procedure, calledV ; pre-
served the ef�ciency and logical soundness of
database query evaluation. Moreover, if the
query was constrained to be in a special normal
form, V was also logically complete. In this pa-
per, we propose an extension to this work to han-
dle disjunctive information in a KB. We de�ne
a query evaluation procedureX that generalizes
V to deal with KBs that are equivalent to a pos-
sibly in�nite set of function-free groundclauses.
Deductive reasoning that is logically sound and
complete in this case is undecidable in general,
and so, we describe what we are willing to give
up in X to preserve tractability.

1 Introduction

It was argued in [8] that the only procedure yet proposed
to perform deductive reasoning effectively over extremely
large �rst-order knowledge bases (KBs) (involving say10

5

or more facts) wasquery evaluationover databases. A
database, however, is a very special sort of KB, namely one
that is equivalent (under certain assumptions) to a maxi-
mally consistent set of function-free ground literals. No in-
complete knowledge is allowed. In [8], an evaluation-based
reasoning procedure was proposed for proper KBs, equiv-
alent to a possiblyincompleteset of function-free ground
literals. The procedure, calledV ; preserved the ef�ciency
and logical soundness of database query evaluation. More-
over, if the query was constrained to be in a special normal
form, V was also logically complete.

However, these results do not allow any form of disjunc-

tive knowledge in the KB. There can be a very large ta-
ble for the predicateGradStudent, for instance, including
both positive and negative instances, and even leaving the
predicate open for certain individuals. But the KB cannot
include anything like

( GradStudent( john) _ GradStudent( mary) )

or even

8 x ( GradStudent( x ) � Student( x ) )

as a simple way of duplicating the table for theStudent
predicate. In this paper, we propose an approach to
handling disjunctive information in a KB. We de�ne a
query evaluation procedureX that generalizesV to deal
with KBs that are equivalent to a possibly in�nite set of
function-free groundclauses. Deductive reasoning that is
logically sound and complete in this case is undecidable in
general, and so, we describe what we are willing to give up
in X to preserve tractability.

The rest of the paper is organized as follows. In the next
section, we review the evaluation-based reasoning proce-
dure V ; and prove a new result, which is that in the case
of proper KBs, V actually computes a well-known lim-
ited form of reasoning calledtautological entailment. In
Section 3, we discuss the dif�culty of generalizingV to
KBs with disjunction, and argue that tautological entail-
ment does too little in some ways and too much in others.
In Section 4, we de�neX ; an evaluation-based reasoning
procedure that deals with disjunction in a novel, more ap-
propriate way. In Section 5, we show thatX agrees with
V and tautological entailment on proper KBs, that it per-
forms logically sound reasoning, and that it is computable.
Finally in Section 6, we discuss future work.

2 Proper Knowledge Bases

We start with a standard �rst-order languageL with no
function symbols other than constants and a distinguished



equality predicate. We assume a countably in�nite set of
constantsC = f c

1

; c

2

; : : : g for which we will be making a
unique-name assumption.

Notation: As usual, elements ofL are called formulas and
formulas without free variables are called sentences. We
only consider the logical connectives: ; _ ; and 9 as part
of the language, but we will freely use^ ; 8 ; and � as the
usual abbreviations. We will letl range over literals and we
will write l to denote its complement. Clauses are, as usual,
disjunctions of literals and we will sometimes write them
using set notation. We will use� to range over substitutions
of all variables by constants, and write�� as the result of
applying the substitutions to� . We will write �

x

d

to denote
� with all free occurrences ofx replaced byd . We will let
� range over atoms whose arguments are distinct variables,
so that�� ranges over ground atoms.1 We will use 8 � to
mean the universal closure of� . Finally, we will usee to
range overewffs, by which we mean quanti�er-free formu-
las whose only predicate is equality.

V and later alsoX make the assumption that quanti�cation
can be understood substitutionally with respect toC . This
assumption corresponds to restricting one's attention to the
following kind of interpretations:

De�nition 1: A standardinterpretation ofL is one where
= is interpreted as identity, and the denotation relation be-
tweenC and the domain of discourse is bijective.

As the following de�nition and theorem from [8] show, this
restriction can be captured precisely using a set of axioms
about equality, provided we consider logical theories which
do not mention in�nitely many constants, which is some-
thing �nite knowledge bases always satisfy.2

De�nition 2: The setE is the axioms of equality (equiv-
alence relation, substitution of equals for equals) and the
(in�nite) set of formulasf ( c

i

6= c

j

) j i 6= j g .

Theorem 1: (from [8])
SupposeS is any set of closed formulas, and that that there
is an in�nite set of constants that do not appear inS . Then
E [ S is satis�able iff it has a standard model.

Knowledge bases considered byV have the following
form:

De�nition 3: A set KB of formulas is calledproper if
E [ KB is consistent andKB is a �nite set of formulas of
the form 8 ( e � � ) or 8 ( e � : � ) .

1Because equality is treated separately, “atoms” and “literals”
here do not include equalities.

2See also [9] where logics are considered based only on stan-
dard interpretations.

Note that restricting� to be an atom with only variables as
arguments is no restriction. For example, ifd is a constant
then : P ( d ) can be rewritten as8 x: ( x = d ) � : P ( x ) .

Given a proper knowledge baseKB and a query,V returns
one of three values0 ; 1 ; or 1

2

; where 0 means “known to
be false,” 1 means “known to be true,” and1

2

means “un-
known.” Then we have

1. V [ �� ] =

8

>

>

>

>

<

>

>

>

>

:

1 if there is a8 ( e � � ) 2 KB
such thatV [ e� ] = 1

0 if there is a8 ( e � : � ) 2 KB
such thatV [ e� ] = 1

1

2

otherwise

2. V [ t = t

0

] = 1 if t is identical tot

0

; and 0 otherwise.

3. V [ : � ] = 1 � V [ � ] .

4. V [ � _ � ] = max f V [ � ] ; V [ � ] g .

5. V [ 9 x:� ] = max

d 2 H

+

1

f V [ �

x

d

] g

Here, H

+

k

is the union of the constants inKB; those men-
tioned in the query�; and k new constants appearing
nowhere inKB and � .

The notions of soundness and completeness for evaluation
methods likeV was introduced in [8] as follows:

De�nition 4: Let S; T � L ; and letf 2 [ L ! f 0 ; 1 ;

1

2

g ] .
Then

� f is logicallysoundwrt S for T iff for every � 2 T ; if
f [ � ] = 1 then S j = �; and if f [ � ] = 0 then S j = : � ;

� f is logically completewrt S for T iff for every � 2

T ; if S j = � then f [ � ] = 1 ; and if S j = : � then
f [ � ] = 0 .

The proof of the soundness ofV relies on the following
theorem, which was proved in [8]:

Theorem 2: (from [8])
Let S be a set of closed formulas, let� be a formula with a
single free variablex . Then for every constantd 2 C ; there
is a constantc 2 H

+

1

( S [ f � g ) such thatE [ S j = �

x

d

iff
E [ S j = �

x

c

:

Since V is decidable, it clearly is not complete for arbi-
trary queries. However, Levesque showed completeness
for queries in a certain normal form calledN F . In the
propositional case, for example, conjunctions of the non-
tautologous prime implicates of a sentence are inN F . In
the �rst-order case, the situation is more complex. For the
purposes of this paper, it suf�ces to note that any negation-
free sentence is inN F .



Interestingly, when we replace logical entailment by a vari-
ant of tautological entailment, a fragment of relevance
logic [2], we obtain thatV is complete forarbitrary
queries. To show this, we �rst de�ne tautological entail-
ment semantically.

For simplicity, we de�ne the semantics of tautological en-
tailment only for standard models and, in addition, keep
the semantics of equality classical. (It can easily be shown
that our variant of tautological entailment coincides with
the original one for sentences without equality.)

Let us call a sets of ground literals (not necessarily consis-
tent) asetup. Then the support relationj =

t between setups
and sentences is de�ned as follows:

1. s j =

t

l iff l 2 s for any literal l ;

2. s j =

t

( t = t

0

) iff t is identical tot

0 ;

3. s j =

t

: ( t

1

= t

2

) iff t is not identical tot

0 ;

4. s j =

t

:: � iff s j =

t

� ;

5. s j =

t

( � _ � ) iff s j =

t

� or s j =

t

� ;

6. s j =

t

: ( � _ � ) iff s j =

t

: � and s j =

t

: � ;

7. s j =

t

9 x:� iff s j =

t

�

x

d

for somed 2 C ;

8. s j =

t

:9 x:� iff s j =

t

: �

x

d

for all d 2 C ;

Note that because setups are arbitrary sets of literals and be-
cause there are separate rules of interpretation for sentences
and their negations, the truth and falsity of a sentence may
receive independent support.3

De�nition 5: A set of sentencesS tautologically entailsa
sentence� ( S � ! � ) iff for all setupss; if s j =

t


 for all

 2 S; then s j =

t

� .

By breaking the connection between the truth and the fal-
sity of a sentence, tautological entailment becomes strictly
weaker than logical entailment. For example,p ^ ( p � q )

does not tautologically entailq because there are setups
which support bothp and : p and, hence,p ^ ( p � q ) ;

yet do not supportq . It turns out that this weakening is just
enough to makeV complete for tautological entailment and
arbitrary queries.

To prove the theorem we need the following de�nition and
lemmas.

De�nition 6: For a properKB, let
Lits(KB) = f l � j 8 ( e � l ) 2 KB and E j = e� g .

It is easy to see that any setup which satis�esKB is a su-
perset ofLits(KB). In other words,Lits(KB) is the minimal
setup which satis�esKB.

3Originally, setups were de�ned using the four truth values
true, false, neither, and both assigned to atoms [4]. De�ning
them, as we do, in terms of sets of literals is equivalent.

Lemma 3: For every setups such thats j =

t KB,
if Lits(KB) j =

t

� then s j =

t

�

Proof: The proof is by a simple induction on the structure
of � using the fact that any setup which satis�esKB is a
superset ofLits(KB).

Lemma 4: KB � ! � iff Lits(KB) j =

t

� .

Proof: Let KB � ! � . Since Lits(KB) j =

t KB,
Lits(KB) j =

t

� follows. Conversely, letLits(KB) j =

t

� .
Then by Lemma 3s j =

t

� for any s such thats j =

t KB.

Lemma 5: KB � ! 9 x:� iff KB � ! �

x

c

for somec 2 H

+

1

.

The proof is almost identical to that of of Theorem 2, which
can be found in [8]. See also the proof of Theorem 14 in
this paper, where a similar argument is used.

Theorem 6: Let KB be proper and� an arbitrary sen-
tence. Then
V [ � ] = 1 iff KB � ! � and V [ � ] = 0 iff KB � ! : � .

Proof: The proof is by induction on the structure of� .

For closed atomic formulas�� we haveV [ �� ] = 1 iff there
is a 8 ( e � � ) 2 KB such thatV [ e� ] = 1 iff �� 2 Lits(KB)
(sinceV [ e� ] = 1 iff E j = e� by Lemma 7 of [8]) iff
Lits(KB) j =

t

�� iff KB � ! �� by Lemma 4. The case
for V [ �� ] = 0 is similar.

V [ t = t

0

] = 1 iff t and t

0 are identical iffs j =

t

( t = t

0

) for
all setupss iff KB � ! ( t = t

0

) , and similarly for the case
V [ t = t

0

] = 0 .

V [ : � ] = 1 iff V [ � ] = 0 iff (by induction) KB � ! : � ,
and similarly forV [ : � ] = 0 .

V [ � _ � ] = 1 iff V [ � ] = 1 or V [ � ] = 1 iff (by induc-
tion and Lemma 4)Lits(KB) j =

t

� or Lits(KB) j =

t

� iff
Lits(KB) j =

t

( � _ � ) iff KB � ! ( � _ � ) , again by Lemma 4.
The caseV [ � _ � ] = 0 is proved analogously.

V [ 9 x:� ] = 1 iff V [ �

x

c

] = 1 for somec 2 H

+

1

iff (by in-
duction)KB � ! �

x

c

iff (Lemma 4) Lits(KB) j =

t

�

x

c

iff
Lits(KB) j =

t

9 x:� (by Lemma 5) iffKB � ! 9 x:� . Simi-
larly for V [ 9 x:� ] = 0 .

This theorem shows that for proper KBs,V coincides with
tautological entailment. It therefore follows that for proper
KBs, tautological entailment is decidable and moreover
agrees with logical entailment on queries inN F .

3 Including clauses in a KB

In the previous section, we saw that it was possible to ef-
�ciently perform logically sound �rst-order reasoning us-



ing an evaluation-based procedure if the KB in question
was proper. Furthermore, the reasoning was logically com-
plete if the query was in a normal form,N F . But a proper
KB is one that is equivalent to a (possibly in�nite) set of
groundliterals. What we now want to consider is this: is
there an evaluation-based reasoning procedure that works
for KBs that are equivalent to a (possibly in�nite) set of
groundclauses? We will argue that the answer isyes.

3.1 Negation is not the problem

Of course, the entailment problem we are contemplating
will be undecidable in general, just as it was for proper
KBs. However, unlike with proper KBs, the problem re-
mains undecidable even for queries inN F :

Theorem 7: The question as to whether KBj = � is un-
decidable, even if� is negation-free and KB is of the form
f8 ( P

1

( ~ x

1

) _ Q

1

( ~ x

1

)) ; : : : ; 8 ( P

n

( ~ x

n

) _ Q

n

( ~ x

n

)) g .

Proof: The theorem is a special case of the negation-free
logic considered in [3]. A formula� is said to be innega-
tion normal form (NNF)if : appears only in front of atomic
formulas. The idea is to reduce validity or logical implica-
tion for formulas in NNF to logical implication involving
only negation-free formulas. Hence let� be a formula in
NNF without = and letP

1

; : : : P

n

be the predicate symbols
mentioned in� . Let Q

1

; : : : ; Q

n

be predicate symbols not
occurring in� whereQ

i

andP

i

have the same arity. Let�

0

be � with all occurrences of: P

i

replaced byQ

i

. Note that
�

0 is negation-free. Then it was shown in [3] that� is valid
iff f8 ( P

1

( ~ x

1

) _ Q

1

( ~ x

1

)) ; : : : ; 8 ( P

n

( ~ x

n

) _ Q

n

( ~ x

n

)) g j =

�

0

_

W

i

( 9 ~ x

i

:P

i

( ~ x

i

) ^ Q

(

~ x

i

) . Since the validity problem
for formulas in NNF is undecidable, the theorem follows.

Since the query in this theorem is negation-free, it is guar-
anteed to be inN F . There is also a propositional version
of the theorem:

Theorem 8: The question as to whether KBj = � is co-NP
hard, even if KB is of the formf ( p

1

_ q

1

) ; : : : ; ( p

n

_ q

n

) g

and � is propositional and negation-free.

Proof: The proof uses a special case of the reduction of
the previous proof. co-NP hardness follows from the fact
that logical implication is co-NP hard in the propositional
case.

So the problem with including clauses in the KB is not due
to negationand so will not be resolved by restricting the
queries to be inN F . Note, for example, that in both cases
the KB is already closed under Resolution. This means that
any attempt to limit reasoning by changing how negation
will be understood will not work here. As noted above, this

is what tautological entailment does: we fail to concludeq

from p and( : p _ q ) precisely because we admit setups that
support bothp and its negation. Without negation, tauto-
logical entailment and classical entailment coincide:

Theorem 9: Suppose that KB is a set of formulas8 ( e � c )

where eachc is negation-free, and� is negation-free. Then

E [ KB j = � iff KB � ! �

Proof: To prove the only-if direction, letE [ KB j = �

and supposes j =

t KB. Let s

� be s with all negative literals
removed. It is easy to prove by induction thats and s

�

agree on all negation-free sentences. Hence, in particular,
s

�

j =

t KB. Now let M be a standard model such that for
all closed atoms�� , M j = �� iff �� 2 s

� . Again, it is
easy to prove by induction thatM j = 
 iff s

�

j =

t


 for
all negation-free sentences
 . Then M j = KB and hence,
by assumption,M j = � (standard models clearly satisfy
E ). Since� is negation-free, we also haves

�

j =

t

� from
which s j =

t

� follows.

Conversely, letKB � ! � and let M j = E [ KB. It was
shown in [8] (proof of Theorem 2) that there is a stan-
dard modelM 0 such thatM and M

0 agree on all sentences
mentioning only constants inKB and � . Thus, in partic-
ular, M

0

j = KB. Now let s be the setup such thatl 2 s

iff M

0

j = l for all closed literalsl . A simple induction
proves that for all sentences
 , M

0

j = 
 iff s j =

t


 . Hence
s j =

t KB and thus, by assumption,s j =

t

� . ThenM

0

j = �

and, sinceM

0 and M agree on sentences mentioning only
constants inKB and � , M j = � .

So in a sense, tautological entailment does not do enough
(it fails to do simple Modus Ponenseven over Horn
clauses), and in another sense, it tries to do far too much (it
is subject to the intractability theorems above). It is signi�-
cant that previous work proposing a limited form of reason-
ing based on tautological entailment for a KB with disjunc-
tion [7, 5] only worked in the propositional case and when
the query was in CNF. The �rst-order case later studied in
[10] and [6] required considerable machinery beyond tau-
tological entailment. Moreover, this additional effort only
resulted in fewer inferences compared to tautological en-
tailment and hence has only limited appeal.

3.2 Doing more and less than tautological entailment

In the next section, we will propose a new evaluation-based
reasoning procedureX that works with disjunctions in the
KB, agrees withV when the KB is proper, is reasonably ef-
�cient, logically sound, and sometimes even logically com-
plete. It is based on the observation that although disjunc-
tion can be used in many ways, it has two major applica-
tions: (1) to representrulessuch as Horn clauses, where we



may need to perform chaining in the reasoning; and (2), to
representincomplete knowledgeabout some individual(s),
where we may need to split cases in the reasoning. As ar-
gued above, tautological entailment does not do (1) at all,
but like classical logic, attempts to handle (2).

As it turns out, we believe that (2) is the computational
problem. To see why, consider the following example KBs:

KB1 KB2
( P ( a ) _ P ( e ) _ P ( f )) ( P ( a ) _ Q ( e ) _ Q ( c ))

( P ( a ) _ P ( e ) _ Q ( f )) ( Q ( d ) _ P ( b ) _ Q ( a ))

( P ( a ) _ Q ( e ) _ P ( c )) ( P ( a ) _ P ( e ) _ P ( f ))

( P ( a ) _ Q ( e ) _ Q ( c )) ( P ( c ) _ Q ( e ) _ P ( a ))

( Q ( a ) _ P ( b ) _ P ( d )) ( Q ( a ) _ Q ( b ) _ Q ( g ))

( Q ( a ) _ P ( b ) _ Q ( c )) ( P ( a ) _ P ( e ) _ Q ( f ))

( Q ( a ) _ Q ( b ) _ P ( g )) ( Q ( b ) _ Q ( a ) _ P ( g ))

( Q ( a ) _ Q ( b ) _ Q ( g )) ( Q ( a ) _ P ( d ) _ P ( b ))

The reader is invited to con�rm that one and only one
of these logically entails (and hence tautologically entails)
9 x: ( P ( x ) ^ Q ( x )) : So being required to handle (2) is also
being required to solve combinatorial puzzles like this au-
tomatically.

Our approach will be to preserve (1), but to give up on (2).
To deal with (2) in a limited way,X will split disjunctions
and reason by cases, but the number of such splits will be
limited by the structure of the query. For example, if we
have the clause( P ( a ) _ P ( b )) in the KB, X will infer
( P ( a ) _ P ( b ) _ P ( c )) and 9 x:P ( x ) since both of these
queries will allow us to split the disjunction. However, if
we also have( : P ( a ) _ P ( b )) in the KB, thenX may be
unable to inferP ( b ) ; since this query will not allow us to
split a disjunction. This restriction will force us into log-
ically incomplete reasoning since, among other things,X

will be unable to solve the puzzle above. This is a feature,
not a bug.

4 Retrieval with clauses

We begin by consideringX
0

, a simpli�ed version of X ,
where the knowledge base is restricted to a (possibly in�-
nite) set of ground clauses. This has the advantage that the
basic principles underlyingX can be illustrated in a con-
ceptually simpler setting.

Different from V , X

0

returns only two values 0 or 1 where
1 means “known to be true,” as before, but 0 now means
“not known to be true” instead of “known to be false” in
the case ofV . As we will see, this change is necessary be-
cause, similar to tautological entailment, we want to allow
inconsistent knowledge bases. In particular, this means that
X

0

should sometimes return 1 for both� and : � , which is
incompatible with the 3-valued answers ofV . Note, how-
ever, that we are not really losing anything in terms of ex-

pressiveness compared toV . While for V a single query�

suf�ces to establish that� is known to be true or known to
be false, we now need to pose two queries,� and : � , to
have the same effect.

De�nition 7: Let S be a set of ground clauses. Then
UP( S ) is the least set which containsS and if f l g [ c and
l are in UP( S ) ; then so isc . In other words, UP( S ) is the
closure ofS underunit propagation.

Let S be a non-empty, not necessarily consistent and not
necessarily �nite, set of ground clauses. ThenX

0

is de�ned
as follows:

1. X

0

[ S; l ] =

�

1 if l 2 UP( S ) , l a literal
0 otherwise

2. X

0

[ S; t = t

0

] = 1 if t is identical tot

0

; and0 otherwise

3. X

0

[ S; : ( t = t

0

)] = 1 � X

0

[ S; t = t

0

]

4. X

0

[ S; :: � ] = X

0

[ S; � ]

5. X

0

[ S; � _ � ] =

8

<

:

1 if for some c 2 S and for all l 2 c;

X

0

[ S [ f l g ; � ] = 1 or X

0

[ S [ f l g ; � ] = 1 ;

0 otherwise

6. X

0

[ S; : ( � _ � )] = min f X

0

[ S; : � ] ; X

0

[ S; : � ] g

7. X

0

[ S; 9 x:� ] =

8

<

:

1 if for some c 2 S and for all l 2 c;

there is ad 2 C such thatX

0

[ S [ f l g ; �

x

d

] = 1

0 otherwise

8. X

0

[ S; :9 x:� ] = min

d 2C

f X

0

[ S; : �

x

d

] g

Besides the fact that the de�nition ofX

0

is somewhat more
long-winded thanV , the main differences lie in the treat-
ment of literals, disjunctions, and existentials.

When it comes to establishing whether a literal can be in-
ferred, the use of UP( S ) ensures simple applications of
Modus Ponens. For example, ifS containsp; : s , ( : p _ q ) ;

and ( : q _ r _ s ) ; then X

0

[ S; r ] = 1 .

Whenever a disjunction is encountered in the query, Rule
5 allows reasoning by cases, but only with respect to a sin-
gle clause inS . The same is true for existential quanti�ers
using Rule 7.

To get a better feel for what can and cannot be inferred
using X

0

, let us consider the following examples. Suppose

S = f ( P ( a ) _ Q ( b )) ; ( : P ( a ) _ Q ( b )) g

Then X

0

[ S; 9 x:Q ( x )] = 1 because the existential quanti-
�er in the query allows us to split a clause. If we choose the
�rst clause, we obtainX

0

[ S [ f P ( a ) g ; Q ( b )] = 1 because
Q ( b ) 2 UP( S [ f P ( a ) g ) and X

0

[ S [ f Q ( b ) g ; Q ( b )] = 1 ,
from which the existential follows. On the other hand,



X

0

[ S; Q ( b )] = 0 because no splitting of clauses is allowed
and Q ( b ) is not in UP( S ) , which is the same asS . Now let

S = f ( P ( a ) _ P ( b )) ; Q ( a ) ; Q ( b ) g

and let � = 9 x:P ( x ) ^ Q ( x ) . Then X

0

correctly deter-
mines that� follows from S; that is, X

0

[ S; � ] = 1 . This
is because the �rst clause can be used to split cases when
evaluating the existential.

Finally, if we let S beKB2 from Section 3, thenX
0

[ S; � ] =

0 even thoughKB2 logically entails� . The reason is that
it is simply not enough to reason by cases with respect to
only one clause (when evaluating9 ) to solve the puzzle.

As noted already at the beginning of this section,X

0

, in
contrast toV , applies to knowledge bases which may be
logically inconsistent. To see how inconsistencies are dealt
with, let us consider two examples. Let

S

1

= f p; q ; ( q � : p ) g :

S

1

is clearly inconsistent andX
0

[ S

1

; p ^ : p ] = 1 since
both p and : p are in UP( S

1

) . Now consider

S

2

= f ( p _ q ) ; ( : p _ q ) ; ( p _ : q ) ; ( : p _ : q ) g :

While S

2

is again inconsistent, this timeX

0

[ S

2

; p ^ : p ] = 0

since UP( S

2

) = S

2

. Intuitively, X

0

will only discover
shallow inconsistencies, in particular those which it can
discover using unit propagation and limited forms of rea-
soning by cases, depending on the occurrence of disjunc-
tions or existential quanti�ers in the query. In a sense, the
treatment of inconsistencies byX

0

is more powerful than
tautological entailment (for example,S

1

does not tautolog-
ically entail ( p ^ : p ) ), yet it is still far less powerful than
classical logical reasoning, which it needs to be to make it
computationally viable.

We conclude our discussion ofX

0

by showing that, in the
case of proper knowledge bases,X

0

is upward compatible
with V in that X

0

returns 1 as an answer just in caseV

does. The main reason for the agreement is that proper
KB's consist only of literals and hence there are no clauses
to split.

Theorem 10: Let KB be non-empty and proper and let
Lits(KB) = f l � j 8 ( e � l ) 2 KB and E j = e� g .
Then for all � , X

0

[ Lits(KB); � ] = 1 iff V [ � ] = 1 .

Proof: The proof is by induction on the structure of
� . Let �� be an atomic formula inLits(KB). Then
X

0

[ Lits(KB); �� ] = 1 iff �� 2 Lits(KB) iff V [ �� ] = 1

by de�nition and the fact that for any ewffe and substitu-
tion � , V [ e� ] = 1 iff E j = e� (Lemma 7 of [8]). Similarly,
X

0

[ Lits(KB); : �� ] = 1 iff : �� 2 Lits(KB) iff V [ �� ] = 0

iff V [ : �� ] = 1 .

The proof for( t = t

0

) and : ( t = t

0

) follows immediately
because the de�nitions ofX

0

and V agree in this case.

X

0

[ Lits(KB); :: � ] = 1 iff X

0

[ Lits(KB); � ] = 1 iff (by
induction)V [ � ] = 1 iff V [ :: � ] = 1 .

Let X

0

[ Lits(KB); ( � _ � )] = 1 . Since Lits(KB) con-
sists only of literals, there is anl 2 Lits(KB) such that
X

0

[ Lits(KB)[ f l g ; � ] = 1 or X

0

[ Lits(KB)[ f l g ; � ] = 1 . By
induction and sinceLits(KB) = Lits(KB) [ f l g , V [ � ] = 1

or V [ � ] = 1 , from which V [( � _ � )] = 1 follows.

Conversely, LetV [( � _ � )] = 1 . Then V [ � ] = 1 or
V [ � ] = 1 and hence, by induction,X

0

[ Lits(KB); � ] = 1 or
X

0

[ Lits(KB); � ] = 1 . Let l be any literal inLits(KB). Then
X

0

[ Lits(KB) [ f l g ; � ] = 1 or X

0

[ Lits(KB) [ f l g ; � ] = 1 ,
from which X

0

[ Lits(KB); ( � _ � )] = 1 follows by de�ni-
tion.

Let X

0

[ Lits(KB); : ( � _ � )] = 1 iff X

0

[ Lits(KB); : � ] = 1

and X

0

[ Lits(KB); : � ] = 1 iff (by induction) V [ � ] = 0 and
V [ � ] = 0 iff V [ : � ] = 1 andV [ : � ] = 1 iff V [ : ( � _ � )] =

1 .

Let X

0

[ Lits(KB); 9 x:� ] = 1 . Then for some literall 2

Lits(KB)andc 2 C , X

0

[ Lits(KB) [ f l g ; �

x

d

] = 1 . By induc-
tion and sinceLits(KB) = Lits(KB) [ f l g , V [ �

x

d

] = 1 . By
Theorem 9 of [8], there is ad

0

2 H

+

1

such thatV [ �

x

d

0

] = 1 .
Therefore,V [ 9 x:� ] = 1 .

Conversely, letV [ 9 x:� ] = 1 . Then for somed 2 H

+

1

,
V [ �

x

d

] = 1 and, by induction,X
0

[ Lits(KB); �

x

d

] = 1 . Then
for any literal l , X

0

[ Lits(KB) [ f l g ; �

x

d

] = 1 , from which
X

0

[ Lits(KB); 9 x:� ] = 1 follows.

The case:9 x:� follows easily by induction.

While X

0

is clearly limited in what it does compared to log-
ical entailment, more needs to be done to ensure its prac-
ticality. For one, we want to allow more than just ground
clauses in theKB. For another, Rules 5, 7, and 8 appeal
to substitutions over an in�nite domain, which needs to be
constrained.

To go beyond ground clauses, we �rst generalize the notion
of a properKB introduced in Section 2. The idea is that
instead of universally quanti�ed literals, possibly restricted
by ewffs, we now allow arbitrary clauses to take the place
of the literals.

De�nition 8: Let e be an ewff andc a disjunction of literals
whose arguments are distinct variables. Then8 ( e � c ) is
called a8 -clause.

De�nition 9: A KB is calledproper+ if KB is a �nite
non-empty collection of8 -clauses. Given a proper+ KB,
gnd(KB)is de�ned asf c� j 8 ( e � c ) 2 KB and E j = e� g .



Note that, under the standard interpretations introduced in
Section 2, a proper+ KB is a �nite representation of the
(usually in�nite) set of ground clauses gnd( KB) . In par-
ticular, a standard interpretation satis�esKB iff it satis�es
gnd( KB) . We are now ready to de�neX for proper+ KB's
and arbitrary� .

1. X [ KB; l ] =

�

1 if l 2 UP( gnd( KB)) , l a literal
0 otherwise

2. X [ KB; t = t

0

] = 1 if t is identical tot

0

; and 0 o.w.

3. X [ KB; : ( t = t

0

)] = 1 � X [ KB; t = t

0

]

4. X [ KB; :: � ] = X [ KB; � ]

5. X [ KB; � _ � ] =

8

>

>

>

<

>

>

>

:

1 there is a8 ( e � c ) 2 KB and a� 2 H

+k such that4

X [ KB; e� ] = 1 and for all l 2 c;

X [ KB [ f l � g ; � ] = 1 or X [ KB [ f l � g ; � ] = 1 ;

wherek is the number of free variables inc

0 otherwise

6. X [ KB; : ( � _ � )] = min f X [ KB; : � ] ; X [ KB; : � ] g

7. X [ KB; 9 x:� ] =

8

>

>

>

<

>

>

>

:

1 if there is a8 ( e � c ) 2 KB and a� 2 H

+k such that
X [ KB; e� ] = 1 and for all l 2 c

there is ad 2 H

+k +1

such thatX [ KB [ f l � g ; �

xd ] = 1 ;

wherek is as above.
0 otherwise

8. X [ KB; :9 x:� ] = min

d 2 H

+

1

f X [ KB; : �

x

d

] g

Using X with a KB is very similar to usingX

0

with
gnd( KB) : The main difference is the way disjunctions and
existentials are handled. While inX

0

we allow any clause
from S to be chosen for case splitting, inX we can only
split substitution instances overH

+

k

of a 8 -clause ofKB.
Also, X

0

evaluates negated existentials (universals) with
respect to a �nite set of constants, just likeV does. Nev-
ertheless, this is done without loss of generality in thatX

and X

0

agree on their answers. To prove this we need the
following lemmas.

Let � be any bijection fromC to C . Let �

� mean� with
c replaced byc

� . Let S

� meanf �

�

j � 2 S g . Let �

� be
the substitution which assigns variablex the valuec

� if �

assignsx the valuec .

Lemma 11: X

0

[ S; � ] = X

0

[ S

�

; �

�

] .

Lemma 12: c 2 UP( S ) iff c

�

2 UP( S

�

) .

The lemmas are proved by simple induction arguments
over the structure of� and the length of a derivation by
unit propagation, respectively.

4Here, � 2 H

+k means that the substitutions range only over
the elements inH

+k .

Lemma 13: gnd( KB)

�

= gnd( KB�

) .

Proof: Let c

0

2 gnd( KB)

� . Then c

0

= c

�

�

� for some
c and � such thatc� 2 gnd( KB) with 8 ( e � c ) 2 KB and
E j = e� . A simple induction shows that for any ewffe , E j =

e iff E j = e

� . HenceE j = e

�

�

� . Since8 ( e

�

� c

�

) 2 KB� ,
we have thatc

�

�

�

2 gnd( KB�

) , that is, c

0

2 gnd( KB�

) .
The converse is proved analogously.

Theorem 14: For any proper+ KB and any sentence�;

X [ KB; � ] = 1 iff X

0

[ gnd( KB) ; � ] = 1 .

Proof: Note that X and X

0

already agree on all rules
except 5, 7, and 8. We show that these rules can also be
made identical in the case of proper+ KBs. The theorem
then follows by a simple induction argument.

It suf�ces to show the following:

1. X

0

[ gnd( KB) ; :9 x:� ] = min

d 2 H

+

1

f X

0

[ gnd( KB) ; : �

x

d

] g

2. If X

0

[ gnd( KB) ; ( � _ � )] = 1 then for some8 ( e � c ) 2

KB and� 2 H

+

k

s.t. X

0

[ gnd( KB) ; e� ] = 1 and for alll 2 c ,
X

0

[ gnd( KB) [ f l � g ; � ] = 1 or X

0

[ gnd( KB) [ f l � g ; � ] = 1 .

3. If X

0

[ gnd( KB) ; 9 x:� ] = 1 then for some8 ( e � c ) 2 KB
and � 2 H

+

k

s.t. X

0

[ gnd( KB) ; e� ] = 1 and for all l 2 c

there is ad 2 H

+

k +1

such thatX
0

[ gnd( KB) [ f l � g ; �

x

d

] = 1 .

We now prove these cases in turn.

1. SupposeX

0

[ gnd( KB) ; : �

x

d

] = 1 for all d 2 H

+

1

.
We need to show thatX

0

[ gnd( KB) ; : �

x

d

] = 1 for all
d 2 C . Let d 62 H

+

1

and let d

0 be the constant in
H

+

1

which does not appear inKB [ f � g . Let � be a
bijection which swapsd and d

0 and is the identity oth-
erwise. SinceX

0

[ gnd( KB) ; : �

x

d

0

] = 1 by assumption,
X

0

[ gnd( KB)

�

; : �

x

d

0

�

] = 1 by Lemma 11. Since, by
Lemma 13, gnd( KB)

�

= gnd( KB�

) andKB�

= KB, �

�

=

� , andd = d

0� by the de�nition of � , X

0

[ gnd( KB) ; : �

x

d

] =

1 follows.

2. Let X

0

[ gnd( KB) ; ( � _ � )] = 1 . By de�nition, there
is a c� 2 gnd( KB) s.t. 8 ( e � c ) 2 KB and E j =

e� and for all l 2 c , X

0

[ gnd( KB) [ f l � g ; � ] = 1 or
X

0

[ gnd( KB) [ f l � g ; � ] = 1 . Supposec containsk vari-
ables. Thenc� mentions at mostk names not inH

+

k

. Let
these bed

1

; : : : ; d

m

with m � k . Let � be the bijection
which is the identity everywhere except that it swapsd

i

with d

0

i

where thed

0

i

are distinct elements ofH

+

k

which do
not appear inKB [ f ( � _ � ) g . (These must exist given
the de�nition of H

+

k

.) Given the choice of� and since the
values which� assigns to variables not occurring inc can
be chosen arbitrarily, we can assume, without loss of gen-
erality, that �

�

2 H

+

k

. Also, by Lemma 11,E j = e

�

�

�

and for all l

�

2 c

� , X

0

[( gnd( KB) [ f l � g )

�

; �

�

] = 1 or
X

0

[( gnd( KB) [ f l � g )

�

; �

�

] = 1 . Since� = �

� , � = �

� ,



c = c

� , e = e

� , gnd( KB) = gnd( KB)

� , we have that
X

0

[ gnd( KB) ; e�

�

] = 1 and for all l 2 c , X

0

[ gnd( KB) [

f l �

�

g ; � ] = 1 or X

0

[ gnd( KB) [ f l �

�

g ; � ] = 1 .

3. Let X

0

[ gnd( KB) ; 9 x:� ] = 1 . Using an argument com-
pletely analogous to the previous case one can show that
there is an8 ( e � c ) 2 KB and a � 2 H

+

k

such that
X

0

[ gnd( KB) ; e� ] = 1 and for all l 2 c there is ac 2 C such
that X

0

[ gnd( KB) [ f l � g ; �

x

d

] = 1 . All that is left to show is
that d can be chosen fromH

+

k +1

. Supposed is not in H

+

k +1

,
then consider a bijection� which is the identity everywhere
except that it swapsd with d

0 where d

0

2 H

+

k +1

and does
not appear in eitherKB, l � , or � . Similar to the previous
case it then follows thatX

0

[ gnd( KB) [ f l � g ; �

x

d

0

] = 1 and
we are done.

5 Advantages ofX
But what doesX have going for it, besides its close rela-
tionship with X

0

? In particular, what can we say aboutX

as a method of logical inference? Here we will show thatX

always performs logically sound reasoning, that it is fully
compatible withV ; and that reasoning as de�ned byX is
decidable.

Before showing thatX always performs sound reasoning,
we need to adapt our original de�nition of soundness and
completeness (De�nition 4) to the case of two-valued eval-
uation methods:

De�nition 10: Let S; T � L ; and let f 2 [ L ! f 0 ; 1 g ] .
Then

� f is logically sound wrtS for T iff for every � 2 T ;

if f [ � ] = 1 then S j = � .

� f is logically complete wrtS for T iff for every � 2

T ; if S j = � then f [ � ] = 1 :

We need the following simple properties to prove sound-
ness. SinceX has already been de�ned for closed atomic
ewffs, we obtain by a simple induction:

Lemma 15: For any proper+ KB, ewff e and substitution
� , X [ KB; e� ] = 1 iff E j = e� .

We also use the following fact about logical entailment:

Lemma 16: Let S be any set of sentences, andc =

( l

1

; : : : ; l

n

) a ground clause. Then for any sentence� ,
S [ f c g j = � iff S [ f l

i

g j = � for all l

i

.

Theorem 17: X is logically sound wrt to any proper+ KB
for L .

Proof: The proof is by induction on the structure of� .
Let X [ KB; l ] = 1 for a literal l . Then l 2 UP( gnd( KB)) .
Thus E [ UP( gnd( KB)) j = l and, sinceE [ UP( gnd( KB))

and E [ KB are logically equivalent,E [ KB j = l . If
X [ KB; t = t

0

] = 1 then t and t

0 are identical, which is
clearly sound, and similarly forX [ KB; : ( t = t

0

)] = 1 .

The cases:: � and : ( � _ � ) follow easily by induction.

Let X [ KB; ( � _ � )] = 1 . Then for some8 ( e � c ) 2 KB
and� 2 H

+

k

with X [ KB; e� ] = 1 we have that for alll 2 c ,
X [ KB [ f l � g ; � ] = 1 or , X [ KB [ f l � g ; � ] = 1 . Hence, by
induction,E [ KB [ f l � g j = � or E [ KB [ f l � g j = � for all
l 2 c . Therefore, for alll 2 c , E [ KB [ f l � g j = ( � _ � ) . By
Lemma 16 we have thatE [ KB [ f c� g j = ( � _ � ) . Since
X [ KB; e� ] = 1 , we also haveE j = e� by Lemma 15, that
is, c� 2 UP( gnd( KB)) . Therefore, sinceE [ KB [ f c� g and
E [ KB are logically equivalent,E [ KB j = ( � _ � ) follows.

The proof for9 x:� is completely analogous to the previous
case.

Finally, let X [ KB; :9 x:� ] = 1 . ThenX [ KB; : �

x

d

] = 1 for
all d 2 H

+

1

. Then, by induction,E [ KB j = : �

x

d

for all
d 2 H

+

1

. By Theorem 2,E [ KB j = : �

x

d

for all d 2 C and
thus E [ KB j = :9 x:� .

So if X ever returns 1, we know that the query is logically
entailed by( E [ KB) :

Furthermore, if theKB is proper, that is, if all the clauses
are unit clauses, thenX agrees withV , which is an imme-
diate consequence of Theorem 10 and 14.

Corollary 18: If KB is proper then for any sentence�;

X [ KB; � ] = 1 iff V [ � ] = 1 .

Intuitively, this is so because for a properKB there are no
clauses to split, and the rules ofX for _ and 9 essentially
reduce to those ofV . So in this case,X will perform logi-
cally sound and complete reasoning for queries inN F , just
like V , and just as ef�ciently.

Unlike V however,X does allow disjunctions in theKB. It
will not necessarily perform logically complete reasoning
over them, but many simple cases can be handled, as dis-
cussed in the examples above forX

0

. As with X

0

, the X

procedure is able to perform chaining, but now using quan-
ti�ers and equality. For example, ifa and b are distinct
constants, and

KB = f 8 ( x 6= a � P ( x )) ; 8 ( x = y � : P ( x ) _ Q ( y )) g ;

then X [ KB; Q ( b )] = 1 : The X procedure also performs
case splitting, including some that would have required an
in�nite number of splits inX

0

. For example, suppose that

KB = f 8 ( P ( x; a ) _ P ( x; b )) g :



Then we have thatX [ K B ; 8 x 9 y :P ( x; y )] = 1 : This ex-
ample also shows that it would not have worked to de�ne
X to �rst choosen clauses to split (where perhapsn is the
number of connectives in the query), and then to useV on
the resulting augmentedKB.

The �nal desirable feature ofX is its computability:

Theorem 19: X is decidable.

The argument is as follows: Since theKB and H

+

k

are
both �nite, there are only �nitely many choices to con-
sider in splitting cases. Moreover, and similar toV ; only
�nitely many constants need to be considered as substitu-
tions for an existentially quanti�ed variable. So all that is
left to show decidability is argue that for any ground lit-
eral l ; it is always possible to decide if it is a member of
UP( gnd( KB)) . Because we are using unit propagation and
not full Resolution, this is similar (ignoring equality) tode-
ciding if a ground atom is entailed by a collection of quan-
ti�ed Horn clauses. This can be done since there are no
function symbols.

6 Conclusions

While the evaluation methodV considered in previous
work has many advantages in that it provides an ef�-
cient, logically sound, and sometimes complete reasoning
method, its perhaps greatest shortcoming is that it only ap-
plies to proper knowledge bases, that is, sets of literals. In
this paper we proposedX , which is compatible withV and,
in addition, allowsKB's to contain arbitrary clauses. The
main challenge in developingX has been to constrain it
in such a way that reasoning remains decidable and, at the
same time, allows for interesting inferences such as limited
applications ofModus ponens.We have seen that on both
countsX is preferable over limited reasoning methods like
tautological entailment.

Many future questions remain to be explored. For exam-
ple, while we have results concerning the computability of
X ; a stronger argument needs to be made concerning its
practicality. In normal cases, we would expectX to beef-
�ciently computable. It is true that the procedure can split
a clause for each disjunction or existential in the query, but
this would be worst-case exponential only in the number of
disjunctions and existentials in the query (and with some
effort, we believe this can be made exponential in the depth
of connectives only). As in [8] we would normally expect
the query to be at most logarithmic in the size of theKB,
and the depth of connectives to be be logarithmic in the size
of the query. Finally, as suggested above, testing member-
ship of a ground literal in UP( gnd( KB)) is comparable to
query answering over Horn clauses with a �nite Herbrand
universe, that is, Datalog [1]. Nevertheless, it still needs

to be shown that we can indeed deal effectively with a KB
containing (say) a large number of atomic facts and a few
disjunctions. Also, can we implementX in such a way that
in cases where disjunction is not needed, standard database
techniques (like projections, joinsetc.) can be used?

On the logical side, we have not attempted to characterize
useful cases of queries and KBs for whichX is logically
complete, beyond those ofV : proper KBs with queries that
are in normal form. We do believe thatX computes pre-
cisely the entailment relation for a newlimited logic that
is interestingly different from tautological entailment.We
will characterize this logic in a separate publication.
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